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1. INTRODUCTION 
Let s” denote the n-dimensional sphere with its canonical Riemannian 
metric, and A its Laplace-Beltrami operator. If q is a real-valued function 
on S”, we can consider the self-adjoint operator S = A + q. For the case 
when q is smooth, Weinstein proved in [W] the following very beautiful 
theorem on the asymptotic behavior of the spectrum of S. Let 
dk = k(k + n - 1) be the kth eigenvalue of A, and let d, be its multiplicity. 
By the minimax principle, the eigenvalues of S can be written in the form 
& = Ak + P~,~, i= l,..., dk, where IpcLk,il is bounded by a constant indepen- 
dent of k and i. Let 0 denote the space of oriented, closed geodesics on S”. 
and let dp be the unique probability measure on 0 which is rotationally 
invariant. By integrating q along closed geodesics we obtain a smooth 
function, S, on 0, which we call the x-ray transform of q. Then Weinstein’s 
theorem is 
THEOREM (Weinstein). If q is smooth and f E C' (R), as k goes to 
infinity 
(*L := (l/d,) c 
I<i<dk 
fhr) = ~c/‘4 & + Wllk). 
In fact, Guillemin [G] and (in a more general context) Colin de Ver- 
diere [C] showed that (*)k admits an infinite asymptotic expansion in 
powers of l/k. A similar theorem was proved in [G.U] in the case when we 
consider S to be acting on sections of vector bundles over s”, and not only 
allow k to go to infinity, but also take higher and higher powers of the 
bundle. 
On this note we drop the smoothness assumptions and extend these 
results as much as possible to bounded, measurable q’s. For such potentials 
one does not have a full asymptotic expansion of the (*)k. However, we 
will prove: 
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1.1. THEOREM. For every bounded, measurable q and every continuous 
function f on the real line 
The proofs of the theorems in [W] and [G.U.] use the theory of 
Fourier integral operators, and do not extend directly to non-smooth 
potentials. Our proof, which necessarily uses different machinery, is 
naturally divided in two parts. The first is a very general, perturbation- 
theoretic argument that shows that, for our purposes, we can replace the 
operator “multiplication by q” by an averaged version of it, [q]“‘, which 
commutes with A. This argument is very similar in spirit to that of Widom 
[Wi] in his generalization of a classical theorem of Szego (see also [H ] ). 
The second half of the proof is the study of the spectral asymptotics of the 
operator [q]“‘. This is done with the help of the symbol calculus developed 
in [Ul], which, although originally intended to compute lower order 
terms in the asymptotic expansion of (*)k in the smooth case, turns out to 
be perfectly suited to our present purposes. 
2. A FUNCTIONAL-ANALYTIC AVERAGING LEMMA 
Let 2 be a separable Hilbert space, and let A be an unbounded, self- 
adjoint operator on 3 whose spectrum consists entirely of eigenvalues 
accumulating at infinity and nowhere else. We denote the k th eigenvalue of 
A by Ak, A,<A,<A,< . . . . and the multiplicity of Ak by d,. We will 
assume that for some constant C > 0 and for all k > 1 
IAk-Ak--ll BCk. (2.1) 
Let Q be a self-adjoint, bounded operator on X and consider the pertur- 
bation of A, S= A + Q. By the min-max principle, the spectrum of S is of 
the form 
where IPk,il G llQllop. Because of (2.1) the shifted eigenvalues pk,i are well 
defined for k large enough. The result presented here has to do with the 
asymptotic distribution of the pk,i as kf co. 
Let V, be the eigenspace of A corresponding to Ak, and let 7rk be the 
orthogonal projection onto Vk. Finally, for every k, let { z~,~, i = l,..., d,} be 
the spectrum of the operator nkQrrk. 
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2.1. THEOREM. For every positive integer m, 
b4x’ ? (/4Jrn=(4r1 2 h,i)m+wlw. 
,=I i=l 
The first step in the proof of this theorem is the following lemma, which 
is due to Widom, [Wi, pp. 146-1471. 
2.2. LEMMA [Wi]. Let Pk be the orthogonal projection onto the sub- 
space of X spanned by the eigenvectors of S = A + Q corresponding to the 
k th cluster, and let xi = 1 - 7~~. Then, as k tends to infinity, 
IIW,II.,=OW) 
and 
lIP:M,,=Wlk). 
Proof. For the sake of completeness we include the proof of the first 
estimate. We claim that, as a consequence of (2.1), for all fin the domain 
ofA 
llqt(f III G (CkIp’ lItA - Ak)(f Ill. (2.2) 
In fact, by the spectral theorem, if {dE,) is a resolution of the identity of A, 
where J is the complement of the interval (A,+ - Ck, Ak + Ck). But clearly 
this last integral is greater than or equal to 
(W2 1 d IlEAf Ill2 = (W2 llG(f )112, 
proving (2.2). Thus 
lI~:P,II.,d (CkIp’ ll(A -h) Pkllop. 
However, (A - A,) P, = (S- A,) P, - QPk, and so 
II(A-~~)P~llop~ Il(S-~~)P~llop+ IIPIIop~2 IlQllo,. 
Hence, 
l17W~IIop~WW1 IIQllop. (2.3) 
Q.E.D. 
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Introduce now the operator T that commutes with S and that, for every 
k, satisfies (S-n,) P, = TP,. Thus the eigenvalues of TP, are precisely the 
,u~,~, i= l,..., dk. 
2.3. LEMMA. For every positive integer m and every k, 
nk T”Pk = (71kQnk)m pk + zkRm,k, 
where 
II&,mllop = 0(1/k). 
Proof An easy computation shows that 
rtTP = xQ7tP + nQ&P, (2.4) 
where we have omitted the subscript k for simplicity of notation. By 
Lemma 2.2, this proves the result for m = 1. Raising (2.4) to the mth 
power, we get 
(xTP)” = (KQxP)” + x0( l/k); (2.5) 
where by 0( l/k) we mean an operator whose operator norm is bounded by 
a constant times l/k. Lemma 2.3 will follow from the estimates 
and 
(nTP)” = 7cT”P f x0( l/k) 
(xQxP)” = (~Qx)~ P + nO( l/k). (2.6) 
In turn, these estimates are proved inductively, as follows. Assume they 
hold for m - 1, and write 
(~~Q~P)“‘-(~EQz)~ P=nQz[P(zQxP)“-‘-@en)“-‘PI, 
which by the inductive hypothesis is equal to 
~Q~[P(~Q~)m-l P+O(l/k)-@en)“-‘P] 
= -~QxP’(~Qz)~-~ P+ 0(1/k). 
Since, by Lemma 2.2, nP’ = 0( l/k), we are done. The first of the estimates 
(2.6) is proved in a similar way. Q.E.D. 
We now prove Theorem 2.1. Since T”P = 7tTmP+ zLTmP and 
(rcQ~)~ P = (~Qrc)~ - (rcQrc)” P’, then 
T”P= (~Qx)~- (zQ?~)~ PL + TCR + n’T”P. (2.7) 
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Next, we claim that the trace norm of each of the last three summands on 
the right-hand side of (2.7) is dominated by a constant times &(1/k). In 
fact, if (1 I/ 1 denotes the trace norm: 
LemE; 2,JXRII 1 d II~III IIW., = 4 IIN., and the result follows from 
(b) ll(V2~,-~‘Il, = ll(~Qn,m~P’II1 d ll(~Q~)“/l, Il~~‘II.,. Now 
use Lemma 2.2 and the fact that (I (r~Q7c)~ II , < I( rt I( , II Q( nQr~)~ ’ I/ C,P. 
(c) Similarly to (b), we can prove that Ilrcr17”“PII, is dominated by 
llP\l, IIT”Il,, ~(7t’PlloP (we write n’T”P= n’PT” = (x’P)(PTm)). 
It then follows from (2.7) that the trace norm of the operator 
(l/d,)[T”P- (nQ7~)~] is 0( l/k). This proves our theorem. 
3. AVERAGED MULTIPLICATION OPERATORS ON S 
Let A denote the Laplace-Beltrami operator on S”, the n-dimensional 
sphere with its canonical Riemannian metric. As is well known, the kth 
eigenvalue of A, nk, is equal to k(k -t n - 1 ), and thus estimate (2.1) holds. 
Let q be a bounded, real-valued measurable function on S” and consider 
the operator S = A + q. We are then in the situation of Section 2, and, in 
particular, Theorem 2.1 holds. Thus, we are led to consider the operator 
Cql”’ on IP = L*(P) whose restriction to V, is nkqxk, where V, is the 
space of kth order spherical harmonics and rck is orthogonal projection 
onto V,. 
Let 0 denote the space of oriented, closed geodesics on 9’. Thus, 0 can 
be naturally identified with the Grassmannian of oriented 2-planes in R” + ‘. 
It carries a unique probability measure which is invariant under the natural 
action of 0(n + 1); we denote this measure by &. The x-ray transform on 
S”, given by integration along closed geodesics, clearly extends to a boun- 
ded linear operator from L”(S”) to L”(O). We denote the x-ray transform 
of q by 4. In this section we will prove: 
3.1. THEOREM. Let {TV,;, i = l,..., d, > be the spectrum of nkqnk. For 
every continuous ,function f on the real line, 
Thus our goal in this section is to compute the weak limit of the spectral 
measures of the operators 7ckqxk. Our tool will be the symbol calculus 
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developed in [Ul], based on what the mathematical physicists call 
“coherent states.” We now briefly describe the construction of this symbol 
calculus, refering the reader to [Ul ] for details. 
Let c1 E 0 and let (uu) be a positive orthonormal basis of the oriented 
2-plane corresponding to a. For every k, consider the function on S” given 
by 
where ck is the appropriate constant so that (P#,~ be normalized in L’(P). 
It is easy to see that, for all tl and k, (P~,~ E I’,, i.e., it is a kth order 
spherical harmonic which, for large k, is concentrated around the geodesic 
corresponding to a. For every operator F on L*(P) commuting with the 
Laplacian, define its covariant symbol to be 
Although a different choice of orthonormal basis of a changes (P& by a 
phase factor (complex number of modulus one), uF(a, k) is independent of 
the choice of orthonormal basis, so that oF is a function on 0 x Z+. We 
will need the following basic fact about covariant symbols: 
3.2. LEMMA. For every k, 
In case q is smooth, the method of stationary phase shows that the 
covariant symbol of [q]“’ converges to 4 as k goes to infinity, and, more 
generally, that for every smooth function f on R the covariant symbol of 
J( [q]“‘) converges to f(q). For a general bounded measurable potential q 
we will prove: 
3.3. LEMMA. For every positive integer m, the covariant symbol of 
([q]“‘)” converges weakly, as k goes to infinity, to (q)“‘. 
We strongly suspect that the convergence is actually almost everywhere, 
but the proof of this fact would involve a careful study of an appropriate 
maximal function, which we will not do here. 
Theorem 3.1 clearly follows from Lemmas 3.2 and 3.3. 
The proof of Lemma 3.3 follows from the result for C” potentials and an 
easy density argument. Here are the details. Let $ be a smooth function on 
0 (test function), and consider for every k the multi-linear functional Fk, 
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that to every m-tuple of bounded, measurable functions on S”, q,,..., qm, 
associates the scalar 
If 17,(x, y) is the Schwartz kernel of the projection operator rtk, then one 
can easily see that Fk is given by integrating q, @ q2 0 . .. @q,,,, on the 
m th-fold product of S” with itself, against the smooth function 
ylk(X,v..r x,) = nk(x,, x2) nk(x,, x,)..‘nkb, I, x,x) $k(x, > xm)> 
where $kb, 3 Xm) = 1 (Px,k(XI) (Px,ktxm) ‘h(a) h,. 
0 
3.4. LEMMA. II yk 11 oc < [VOl(s”)] --m 11lj11~. 
Proqf: We can express nk in terms of coherent states in the form 
17k(x, J’) = j” (Pcr,k(Y) @z,kb) 4%. 
c 
It follows from this and the condition for equality in the Cauchy-Schwartz 
inequality that 117,(x, y)J is maximal for a given x when .v =x, and so 
link11 cc = SUP j” l%.k(# &z. 
.Y E S” c 
However, by the equivariance of the construction of coherent states with 
respect to the natural action of O(n + 1), it is clear that SC I~,,~(x)l’ is 
independent of x, and thus 
= l/vol(S’? jc 4, I,. b,,kb)i2 dx 
= l/vol(s”) 
since I((Pr,kl12 = 1 = vol(0). Hence [Ink11 oc = l/vol(Sn). Lemma 3.4 follows 
easily. 
As a consequence of Lemma 3.4, the Fk are equibounded as functionals 
on the space of L’-functions on the mth-fold product of S” with itself. 
Furthermore, by the results for pseudodifferential operators described in 
[Ul] (Theorem 4.2 and Proposition 9.1, to be precise), whenever q, ,..., qm 
are smooth &(ql ,..., qm) converges to SO 4, q2 ... qrn$ dp. Hence, by a 
standard density theorem, the same must hold for arbitrary q’s. Taking 
q, =q2= ... = qm = q, we obtain Lemma 3.3. 
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For q and f smooth one can show that 
In fact, there is a full asymptotic expansion for these traces (see [Ul, 
Sect. 81). This, however, is not true of general potentials. 
4. CONCLUSIONS 
Theorem 1.1 is an immediate consequence of Theorems 2.1 and 3.1. In 
fact, if we use the method of stationary phase in the asymptotics of 
Section 3 we can show that, for C2 potentials, the following is true: 
4.1. THEOREM. For every positive integer m and every M, E > 0, there is 
an integer K > 0 such that for every C2 potential q satisfying 1jq11 c~ < M, and 
every k 2 K, 
(l/d/c) C (P/c.i)m-Jo (9)” dP <e. 
1 Ci<dk 
If the potential q is an odd function it is not hard to show that the 
operator [q]“’ vanishes. It follows then from Theorem 2.1 that for every 
f E C(R) 
(l/d/c) 1 f(P/c.i) =0(1/k), 
with a constant depending only on [jq[j oo. (In case q is smooth this is 
actually 0(l/k2) and has an asymptotic expansion whose leading order 
term was computed in [U2].) 
Our arguments also show that Theorems 1.7 and 6.1 of [G.U] remain 
valid for bounded, measurable potentials. In fact, for such potentials the 
limit measures in question seem to be the only spectral invariants at hand. 
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